Abstract Thermophoresis is an efficient process for the manipulation of molecules and nanoparticles due to the strong force it generates on the nanoscale. Thermophoresis is characterized by the Soret coefficient. Conventionally, the Soret coefficient of nanosized species is obtained by fitting the concentration profile under a temperature gradient at the steady state to a continuous phase model. However, when the number density of the target is ultralow and the dispersed species cannot be treated as a continuous phase, the bulk concentration fluctuates spatially, preventing extraction of temperature-gradientinduced concentration profile. The present work demonstrates a strategy to tackle this problem by superimposing snapshots of nanoparticle distribution.
The resulting image is suitable for the extraction of the Soret coefficient through the conventional data fitting method. The strategy is first tested through a discrete phase model that illustrates the spatial fluctuation of the nanoparticle concentration in a dilute suspension in response to the temperature gradient. By superimposing snapshots of the stochastic distribution, a thermophoretic depletion profile with low standard error is constructed, indicative of the Soret coefficient. Next, confocal analysis of the nanoparticle distribution in response to a temperature gradient is performed using polystyrene nanobeads down to 1e-5 % (v/v). The experimental results also reveal that superimposing enhances the accuracy of extracted Soret coefficient. The critical particle number density in the superimposed image for predicting the Soret coefficient is hypothesized to depend on the spatial resolution of the image. This study also demonstrates that the discrete phase model is an effective tool to study particle migration under thermophoresis in the liquid phase.
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Introduction
Thermophoresis refers to the migration of molecules and particles in response to a temperature gradient. It has found applications in various fields such as isotope concentration and gas phase separation (Debye 1939; Furry et al. 1939) , and has attracted a lot of research interests for the understanding of origin of life (Baaske et al. 2007; Budin et al. 2009; Mast et al. 2013) , protein interactions (Wienken et al. 2010 ) and colloid interfacial energies (Duhr and Braun 2006b) . Two parameters are commonly used to characterize thermophoresis: the thermal diffusion coefficient, D T , which is the ratio of the thermophoretic velocity to the temperature gradient and the Soret coefficient, S T , which is the ratio of the thermal diffusion coefficient to the normal diffusion coefficient.
There have been several proposed theories to predict the Soret coefficient (Gaeta 1969; Ruckenstein 1981; Andreev 1988; Anderson 1989; Morozov 1999; Bringuier and Bourdon 2003; Semenov and Schimpf 2004; Duhr and Braun 2006a) . Because these theories are based on thermodynamic analysis of ion distribution and hydration layer structure in a temperature gradient, it is still difficult to derive the theoretical S T due to the lack of thermodynamic parameters. Instead, S T is mostly obtained experimentally. When the motion of the target species can be directly tracked by an optical microscope, the thermophoretic velocity and S T are usually measured from the particle velocity. On the other hand, the measurement of S T relies on the concentration profile. At the steady state, a balance between thermodiffusion and ordinary diffusion leads to a predictable concentration gradient in response to a temperature gradient. Assuming the diffusion and thermodiffusion coefficients are both constants and the temperature gradient is linear, the steady-state concentration for two-dimensional thermophoresis can be approximated by the exponential depletion law
where the normalized concentration c/c 0 depends on the temperature difference T-T 0 . Here, c 0 is the bulk concentration of the reservoir and T 0 is the ambient temperature. To extract S T from a two-dimensional concentration profile or from solute distribution in the transient state, a continuous phase model has been constructed that couples flux from convection, diffusion, and thermodiffusion (Debye 1939; Furry et al. 1939; Duhr and Braun 2006a) . These data-fitting methods require the target species to be in a continuum phase to measure the concentration distribution. However, when the concentration of the dispersed phase is low, the spatial distribution appears discrete and it is difficult to directly apply the depletion law or continuous phase model to obtain S T .
To overcome this challenge, we demonstrate here that by superimposing snapshots of the nanoparticle distributions, a thermophoretic depletion profile with low standard error can be obtained for the extraction of S T . A discrete phase model is constructed first to illustrate the stochastic nature of nanoparticle distribution in a dilute suspension and the power of overlapping to significantly reduce the spatial fluctuation of concentration. The modeling results are confirmed using polystyrene nanoparticle suspensions at a concentration down to 1e-5 % (v/v), i.e., of the order of 32 pM. Through the combined experimental and computational analysis, we also discuss the critical particle number density to obtain S T accurately.
Materials
BCECF acid (2 0 ,7 0 -Bis-(2-Carboxyethyl)-5-(and-6)-Carboxyfluorescein), glass coverslips, sphericalshaped polystyrene nanoparticles and mineral oil were purchased from Fisher Scientific (Fair Lawn, NJ). The nanoparticles are 100 nm in diameter and internally dyed with Firefli TM Fluorescent Red (Ex 542/Em 612 nm). The nanoparticles have a narrow size distribution and are well dispersed in the suspension. Chromium 100 nm in thickness is deposited on glass coverslips by e-beam evaporation.
Experimental procedure
The optical setup used in this work was modified based on the literature (Jiang et al. 2009 ). Briefly, polystyrene nanoparticles were diluted in DI water and 3 lL of the nanoparticle suspension was pipetted on a glass slide. A chromium-coated coverslip was placed on the suspension to form a 6-lm-thick thin film. The edge of the coverslip was sealed by mineral oil to prevent evaporation (Duhr et al. 2004 ). To create a temperature gradient, an infrared laser (1 mW) was focused on the chromium layer (Fig. 1) . The IR laser was a Gaussian beam with a radius around 1 lm. The temperature gradient in the liquid was calibrated independently using a temperature-sensitive dye, BCECF, at a concentration of 1 mM (Maeda et al. 2012) . The fluorescence intensity of BCECF decreases linearly with temperature ( Fig. S1 ). The particle distribution was imaged using confocal microscopy on the center plane between the two solid substrates.
Mathematical model and numerical method
Numerical analysis was performed by both continuous and discrete phase models. In both models, the power density of the IR laser was modeled as a threedimensional Gaussian distribution and the laser was considered as an energy source
where Q is the power density in the fluid, Q 0 is the total laser power, A c is the absorption coefficient, R c is the reflection coefficient, and r x and r y are the beam waist of laser pulse in the x and y directions, respectively. x 0 and y 0 are the center coordinates of the laser beam, and x, y, and z are the spatial coordinates. abs(z) is the absolute value of z. Since the liquid film is thin, the laser heating established a two-dimensional temperature gradient in the liquid between the focal point and the ambient (Fig. S2 ).
For the continuous phase model, the governing equations to describe natural convection are the Fig. 1 A schematic of the optical setup combined with a microfluidic chamber used in this study. The laser was focused on the ceiling with a thin chromium layer to absorb the IR energy. Distribution of 100 nm fluorescent polystyrene beads was observed by a confocal fluorescence microscope Boussinesq approximation and the mass conservation equation:
where q is the fluid density, c is the kinematic viscosity, t is the time, u is the fluid velocity, p is the pressure, a is the thermal expansion coefficient of the fluid, g is the gravitational acceleration and T is the temperature.
The conservation of energy is in the form
where C p is the heat capacity of the fluid and k is the thermal conductivity of the fluid. The mass transport equation includes the mass diffusion, advection and the effect of the thermophoresis:
where c is the concentration of the species. The discrete phase model employed the particletracking theory with Eulerian-Lagrangian approach. The solvent (continuous phase) was treated using Eulerian description and the dispersed particles (discrete phase) were tracked using the Lagrangian description. Two-way coupling was employed in our modeling, where the continuous phase could affect the behavior of discrete phase and vice versa. Hence, in this process a properly designed solver calculated the continuous and discrete phase equations in an alternate manner until a converged coupled solution was achieved. Particles were treated as volumeless points, but the size effect was incorporated in the Brownian, the drag, the lift and the buoyancy forces exerted on the particles. Given the low particle concentration and much larger detection volume compared to the particle size, particle-particle and particle-wall interactions are negligible. Thus, it is reasonable to ignore the particle volume for particle tracking.
By employing Eulerian approach, the steady creeping fluid flow was modeled by Navier-Stokes equation including the source term. The equations governing the conservation of mass and momentum of the liquid phase are (Drew 1983; Zhang and Prosperetti 1997) 
where q is the fluid density, l is the viscosity of the fluid, u is the fluid phase velocity, p is the static pressure, " " s is the stress tensor, qg is the gravitational body force, u p is the particle velocity, q P is the density of the particle, d p is the particle diameter, C D is the drag coefficient, _ m p is the mass flow rate of the particles, Dt is the time step, F D u p À u À Á is the drag force per unit particle mass and Re r is the relative Reynolds number. The last term in Eq. 8 is the momentum source term that represents the influence of the particles on the flow field of fluids. It is calculated by averaging momentum of all the particles in the volume of fluid element (V ijk ).
Lagrangian approach was employed for the discrete phase model to track the movement of particles (Anderson 1989; Li and James Davis 1995; Bielenberg and Brenner 2005; Guha 2008) :
where F b is the Brownian force per unit particle mass (Li and Ahmadi 1992) , F l is the Saffman's lift force per unit particle mass due to shear (Saffman 1965) , the thermophoretic force per unit particle mass in liquid F tp is modeled using the empirical Stokes law (Bielenberg and Brenner 2005) , K = 2.594, f are zero-mean, unit-variance independent Gaussian random number composed vector, T is the absolute temperature of the fluid, k B is the Boltzmann constant, C c is the Stokes-Cunningham slip correction, and " " d is the deformation rate tensor. Temperature distribution in the fluid is determined by solving the energy equation displayed in Eq. 5. Iterative calculations to solve Navier-Stokes equations were carried out by the SIMPLE scheme for pressure-velocity coupling.
The continuous phase model was implemented using COMSOL (Burlington, MA). The transport of species model was modified to include the thermophoretic flux term D T crT (Duhr and Braun 2006a) and solved together with laminar flow and heat transfer models. For discrete phase model, ANSYS Fluent (Canonsburg, PA) was employed to simulate heat transfer, laminar flow, and particle tracking in 3D (Zhao et al. 2013) . Nanoparticles with a diameter of 100 nm were randomly injected in the 3D microfluidic chamber. For both cases, the proper mesh size was confirmed to attain a spatial convergence. All data were acquired at the quasisteady state. All the parameters in the simulation are listed in Table 1 . 
Results and discussions
In response to a temperature gradient, thermophobic species move away from the high-temperature region. The continuous phase model predicts that the steadystate concentration follows an exponential depletion law (Eq. 1) controlled by S T . The image in Fig. 2a shows a simulated concentration contour at the steady state by the continuous phase model. The simulated volume is 360 lm 9 360 lm 9 6 lm and the center plane (z = 3 lm) with an area of 120 lm 9 120 lm is analyzed here to avoid boundary artifacts. Since the height is only 6 lm, natural convection in the z direction is negligible (Duhr et al. 2004) , so a 2D distribution profile in the x-y plane is expected. S T of 0.18 1/K is used in the simulation, which was previously reported for 100 nm polystyrene particles in water (Duhr and Braun 2006a) . The radially averaged concentration profile (Fig. 2a, bottom) is smooth, corresponding to a continuous phase distribution. Fitting the non-zero region of the distribution to the exponential depletion law (Eq. 1), a Soret coefficient of 0.18 ± 0.002 1/K is obtained, matching the set value for the simulation. When the target is considered as a discrete species, its concentration is expected to fluctuate in space. To demonstrate this effect, a discrete phase model was set up using parameters relevant to 100 nm polystyrene particles. This model was firstly used to validate against the continuous phase model using a high particle concentration of 1 % (v/v) (Fig. 2b) , which yields *1 million particles in the region of interest (ROI). The concentration fluctuation in the bulk is much smaller than the difference generated by the temperature gradient; thus, the radially averaged concentration profile is smooth and the extracted Soret coefficient matches the set value.
When the particle concentration is reduced to 1e-4 % (v/v) in the discrete phase model, the concentration fluctuation in the bulk is at a comparable level to the difference generated by the temperature gradient (Fig. 2c) . Here, *180 particles are present in the ROI, which is much less than the mesh number of *15,000. The instantaneous concentration contour shows the location of individual particles, while a large volume in the bulk has no particle. Thus, the thermophoretic depletion in the center is much less obvious. Even after radial averaging, the bulk distribution is not smooth. Fitting the averaged concentration to Eq. 1 results in a Soret coefficient of 0.21 ± 0.03 1/K, which is 16 % higher than expected.
To increase the number density of targets in the ROI for a low-concentration sample, snapshots of concentration contours from the discrete phase model were superimposed. The number density is the summation of particle number over several snapshots divided by the surface area. Mathematically, the number density is the multiplication of particle number density on a plane and the number of snapshots. Images were acquired in the x-y plane at z = 3 lm with a time interval of 1 s after the particle distribution in the discrete phase model reached a quasi-steady state. Similar to the Kalman filter, the signal-to-noise ratio, which is the ratio between coefficient estimate and respective standard error, is expected to improve with this practice. The depletion in the center is much more obvious for 250 overlays compared to a single snapshot (Fig. 3a, b) . Figure 3c -f shows the radially averaged concentration profile for different numbers of overlays of 10, 50, and 250. The concentration profiles become smoother and the depletion center is more pronounced with the numbers of overlays. For the overlays of 250 images, the derived S T is 0.18 ± 0.003 1/K, matching the set value of 0.18 1/K for the simulation.
Since the discrete phase model supports construction of a low standard error depletion profile by superimposing, experiments were carried out to validate the procedure. Polystyrene beads at a concentration of 1e-4 % (v/v), i.e., 320 pM, were used first, comparable to that in the simulation. A liquid film of 6 lm thick was constrained between a chromiumcoated coverslip and a glass slide. Images were taken 3 lm above the bottom glass slide. Similar to the simulation, fluorescence images were acquired every second after the system reached quasi-steady state. Similar to Fig. 3a and b, Fig. 4a and b shows the confocal fluorescence images for one snapshot versus 250 overlays. In the single snapshot, the particle distribution is stochastic and the depletion center is hard to visualize. After 250 overlays, the depletion in the center is pronounced. Figure 4c -f shows the radially averaged concentration profiles for different numbers of overlays in the experiments. For single snapshot, the extracted S T is 0.16 ± 0.03 1/K. The S T becomes 0.18 ± 0.006 1/K with 250 overlays, which matches the previous reported value (Duhr and Braun 2006a) . When a coefficient estimate is defined as the extracted S T and standard error is from the smooth fitting, the signal-to-noise ratio is about five for the single snapshot and 30 for 250 overlays.
When the particle concentration is further decreased to 1e-5 % (v/v), i.e., 32 pM, more numbers of overlays are needed to accurately determine the Soret coefficient (Fig. 5) . For a single snapshot, no thermophoretic depletion is observable even in the radially averaged concentration profile (Fig. 5a ). When ten images are stacked (Fig. 5b) , the depletion is barely observable, and the extracted S T is 0.23 ± 0.06 1/K. This number deviates from the known value of 0.18 1/K and the high standard error roots from a sparse particle distribution. When 100 and 1,000 images are overlaid (Fig. 5c, d ), extracted S T is 0.21 ± 0.04 1/K and 0.18 ± 0.01 1/K, respectively. The signal-to-noise ratio reaches *20 with 1,000 overlays. Compared to the results from the suspension at 1e-4 % (v/v), the suspension at 1e-5 % (v/v) requires more overlays to yield a comparable signalto-noise ratio.
To compare all the data described above, we calculated particle number density in the ROI. Figure 6 shows the extracted Soret coefficients as a function of the particle number density from all the simulation and experimental data above. The dash line represents the expected value. The experimental result from a single snapshot at a concentration of 1e-5 % is not included as the signal-to-noise ratio is 5e-6. For all other cases, the signal-to-noise ratio is greater than three.
When the particle number density is equal to or less than 0.06 lm -2 , the Soret coefficient extracted from the radial concentration profile deviates from the expected value by more than 20 %. The large error bar indicates great fluctuation of the spatial concentration in these measurements. When the particle number density is 0.06 lm -2 , whether it is by increasing the suspension concentration (data not shown) or by image superimposing, the Soret coefficient converges to within 99 % of the expected value with a standard error of *0.002 1/K. More overlays generally reduce the standard error even more, since the scattered behavior is averaged and the standard deviation is inversely proportional to square root of sample number.
One possible explanation to the threshold of the particle number density to accurately predict S T arises from the microscope resolution. When the particle number density is greater than 0.06 lm -2 , the average particle-particle distance is \4 lm. This is of the same order as the spatial resolution of the microscope and nanoparticle size used in our work; thus, the particle can be approximated as a continuous phase to apply the exponential depletion law. Long exposure of the sample may also result in the averaging effect, but continuous exposure may lead to sample bleaching and undesirable heating by the imaging light source.
To our knowledge, this work is the first that applies the discrete phase model to study nanoparticle Fig. 6 The relationship between the extracted Soret coefficients and particle number density from the discrete phase model and experiments with particle concentration of 1e-4 % (v/v) and 1e-5 % (v/v) thermophoresis in a liquid suspension. Discrete phase models have long been developed to understand contamination in the cleanroom and soot entrainment in the gas phase (Longest and Xi 2007; Woo et al. 2012; Majlesara et al. 2013; Tan et al. 2013; Lee and Yook 2014) . The thermophoretic force on aerosol particles in the gas phase is modeled using the equation proposed by Talbot et al. (1980) , which is directly proportional to the particle diameter and gas kinematic viscosity and inversely proportional to the particle mass. However, the relationship is not valid in the liquid phase and theoretical prediction of S T in the liquid phase is not yet available. Instead, thermophoretic force is implemented by the empirical Stokes law here. When coupled with the hydrodynamic and Brownian forces, the resulting discrete phase model provides an effective tool to study the distribution of nanoparticles at ultralow concentrations. As other non-conservative force fields and particle-particle interactions can be included, this discrete phase model is expected to find broad utility to study complex nanoparticle migration under thermophoresis in a liquid suspension.
Conclusions
We present an approach here to measure the Soret coefficient of a highly diluted species in a liquid suspension. By superimposing distribution images of the dispersed species, a smooth concentration profile matching the depletion law is constructed and the Soret coefficient is extracted accurately. This approach is validated using both discrete phase models and experimental measurements. The particle number density in the superimposed image needs to be comparable to the spatial resolution of the image. The discrete phase model developed here is shown to be useful for the study of nanoparticle migration and distribution in liquids in response to a temperature gradient.
